POWER POINT PRESENTATION
ON
MATHEMATICS - 111

Il B. Tech | semester (JNTUH-R15)

Prepared
By

Mr. G. Nagendra Kumar, Assistant professor

ELECTRICALAND ELECTRONICS ENGINEERING

INSTITUTE OF AERONAUTICAL ENGINEERING
(AUTONOMOUS)
DUNDIGAL, HYDERABAD - 500043



)
O
L5
<
>
LL]
@
2
<




CONTENTS

> Linear ODE with variable coefficients and series
solutions

» Special functions

» Complex function — Differentiation and
Integration

» Power series expansions of complex functions and
contour integration

» Conformal mapping







FRENCES:

plex Variables Principles And Problem Sessions By A.K.Kapoor, World
TR, 5y s el e s e IR s s S i e e e




Power Series Method




The power series method is the standard method for solving linear ODEs with
variable coefficients.

It gives solutions in the form of power series.

These series can be used for computing values, graphing curves, proving
formulas, and exploring properties of solutions. In this section we begin by
explaining the idea of the power series method.




From calculus we remember that a power series (in powers of x — x;) is an
infinite series of the form

(1)
Here, Z a’VSnabeOL)O, a; c%, .+ alﬂé onggét)lts Caﬁed the goe_fflaents of the

series.’X, s a constant, called the center of the series. In particular, if x, =0, we
obtain a power series in powers of x

(2)

We shall assume that all variables and constants are real.
o0
m 2 3 .
Y ax" =a,+ax+a,x’ +a,x’ +

m=0




lea and Technique of the Power Series Method
ontinued)

Then we collect like powers of x and equate the sum of the coefficients of each
occurring power of x to zero, starting with the constant terms, then taking the
terms containing x, then the terms in x?, and so on.

This gives equations from which we can determine the unknown coefficients of
(3) successively.




heory of the Power Series Method

e bt G b A I

he nth partlal sum of (1) is

(6) s (x)=a,+a,(x—x,)+a,(x— x) +-t+a (x—x,)"
wheren=0,1, ....
If we omit the terms of s, from (1), the remaining expression is

| This expression is called the remainder of (1) after the term a,(x — x,)".

(7) R (x)=a . (x-x,)""+a ,(x-x,)" "+




| :
[heory of the Power Series Method (continued)

In this way we have now associated with (1) the sequence of the partial sums
So(x), 51(x), 55(x), .... If for some x = x; this sequence converges, say,

then the series (1) is called con erient at x = x;, the number s(x;) is called the
value or sum of (1) at iBhPmkebw i‘?es(xl ’

n—>0

Then we have for every n,

= (8) >
If that sequence divé{é@s)a?xzx@,;ﬁé%eﬁé% ()lni is called divergent at x = x;.
m=0

s(x;)=s (x;)+R (x,).




fheory of the Power Series Method (continued)

Where does a power series converge? Now if we choose

x = x,1in (1), the series reduces to the single term 4, because the other terms are
zero. Hence the series converges at x,,

In some cases this may be the only value of x for which (1) converges. If there
are other values of x for which the series converges, these values form an
interval, the convergence interval. This interval may be finite, as in Fig. 105,
with midpoint x,. Then the series (1) converges for all x in the interior of the
interval, that is, for all x for which

(10) lx —x,] <R

and diverges for |x — x,| > R. The interval may also be infinite, that is, the series
may converge for all x.




Legendre’s Equation.
Legendre Polynomials P, (x)




Legendre’s differential equation

(1) (1-x2)y” -2xy’+n(n+1)y=0 (n constant)

is one of the most important ODEs in physics. It arises in numerous problem:s,
particularly in boundary value problems for spheres.

The equation involves a parameter n, whose value depends on the physical or
engineering problem.

So (1) is actually a whole family of ODEs. For n =1

we solved it in Example 3 of Sec. 5.1 (look back at it).

Any solution of (1) is called a Legendre function.

The study of these and other “higher” functions not occurring in calculus is
called the theory of special functions.




Dividing (1) by 1 — x?, we obtain the standard form needed in Theorem 1 of
Sec. 5.1 and we see that the coefficients —2x/(1 — x?) and n(n + 1)/(1 — x?) of the
new equation are analytic at x = 0, so that we may apply the power series
method. Substituting

(2)
and its derivatives into (1), ang denoting the constant
n(n+1) simply by k, tai m

( ) simply by p’fbﬂg_ a x

m=0

By writing the first expression as two separate series we have the equation

1-x*)) m(m—1)a,x"?-2x> ma,x"" +k> a x" =0.
m=2 m=1 m=0

o0

Z m(m—1)a_x"* — i m(m—1)a_x" — iZmamxm + i ka x" =
m=2 m=2 — —




Polynomial Solutions. Legendre Polynomials P, (x)

The reduction of power series to polynomials is a great advantage because
then we have solutions for all x, without convergence restrictions. For special
functions arising as solutions of ODEs this happens quite frequently, leading
to various important families of polynomials.

For Legendre’s equation this happens when the parameter 7 is a nonnegative
integer because then the right side

of (4) is zero for s =n, so thata,,,=0,4,.,=0,a,,=0, ....

Hence if n is even, y;(x) reduces to a polynomial of degree n. If n is odd, the

| same is true for y,(x).

& These polynomials, multiplied by some constants, are called Legendre
polynomials and are denoted by P, (x).




Series Solutions
Near a Regular Srngular Pornt Part I

3 We now consrder solvrng the general second order Irnear
equation in the neighborhood of a regular singular point x,.
For convenience, will will take x,= 0.

% Recall that the point x, = 0 Is a regular singular point of

P09 Y 4 0 X+ Ry =0
dx dx
Iff
xw = xp(x) and x° B x°q(x) areanalyticat x=0
P(x) P(X
Iff

Xp(X) = i p.x" and x°g(x) = iqnx“, convergent on|X < p
n=0 n=0




Series Solutions
Near a Regular Srngular Pornt Part I

3 We now consrder solvrng the general second order Irnear
equation in the neighborhood of a regular singular point x,.
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% Recall that the point x, = 0 Is a regular singular point of

P09 Y 4 0 X+ Ry =0
dx dx
Iff
xw = xp(x) and x° B x°q(x) areanalyticat x=0
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Transformlng leferentlal Equatlon

3 Our dlfferentlal equatlon has the form
P(X)y"+Q(X)y' + R(x)y =0
% Dividing by P(x) and multiplying by x?, we obtain
X2y" +X[xp(x)]y' +[x2a(x) ly =0
% Substituting in the power series representations of p and g,

xp(X)=>_ p.x", x°q(x) = 0,x"
n=0 n=0

we obtain
2.1

X"y +x(po+p1x+ P,X° +- )y’+(q0+q1x+q2x2+---)y:0




Comparlson W|th Euler Equatlons

« Our differential equatlon now has the form

2.,

X"y +x(po+p1x+ P, X" +- )y +(q0+q1x+q2x2+---)y:0
»* Note that If
p=p=-=0=0,==0

then our differential equation reduces to the Euler Equation
2.,M

Xy + poW""Con:O
» In any case, our equation is similar to an Euler Equation but
with power series coefficients.

= Thus our solution method: assume solutions have the form

y(X)= xr(a0 +a,X+a,X +---): > ax™, fora, #0, x>0




Example 1: RegularSinguIar Point (1of13)

« Consider the differential equatlon

2x2y" —xy'+(1+x)y =0
* This equation can be rewritten as

X2y _iy _|_E__Xy 0

* Since the coefficients are polynomials, it follows that x = 0 is
a regular singular point, since both limits below are finite:

X 1 Nl YT
Iimx ——— |=—— <o and limx == <o

x—0 2X 2 x—0 2X 2




2x2y" —xy'+(1+x)y =0

Examplel Euler Equatlon (2 of 13)

i Now xp(x) = -1/2 and x2q(x) (1 + X )/2 and thus for
D=3 pX", KG() = a,x",
n=0 n=0

It follows that
pO:—l/Z, q0:1/2, ql 1/2 pl p2 q2:q3_—_...:O

* Thus the corresponding Euler Equation is
2,1

XY+ PoXyY' + QY =0 < 2X°y" —xy'+y =0
% AS In Section 5.5, we obtain

x'[2r(r-1)-r+1]=0 < (2r-1(r-1)=0 < r=1,r=1/2
»* We will refer to this result later.




2x2y" —xy'+(1+x)y =0

Example 1: leferentlal Equatlon (3 of 13)

« For our dlfferentlal equatlon, We assume a solutlon of the form

y(X) i ianan, y’(X) b ian (r b r])Xr+n—1,
n=0 n=0

y'(x)=>a,(r+n)r+n-1)x"""
n=0
% By substitution, our differential equation becomes

iZan(r +n)r+n-1)x"" - ian(r +n)x"™" + ianxr+n + ‘Zanx””” =0
n=0 n=0 n=0 n=0

or

o0

> 2a,(r+n)r+n-1)x"" - ian(r +n)x"™" + ianxr+n + ian_lxIr+n =0
n=1

n=0 n=0 n=0




Example 1: Combmlng Serles (4 of 13)

% our equatlon

o0 o0

ZZan r+n)r+n-1)x"" — ian(r +n)X > ax + > a, X" =0
o "0
can next be written as

a,[2r(r=1)—r+1]x’ +i{an [2(r+n)r+n-1)—(r+n)+1]+a,, }x"" =0

)
# |t follows that
a,[2r(r-1)-r+1]=0

and

a [2(r+n)r+n-1)—(r+n)+1]+a _, =0, n=12,..




Example 1: Ind|C|aI Equatlon (5 of 13)

% From the prewous sllde we have
a,[2r(r—1)—r+1]x’ +Z a [2(r+n)r+n-1)—(r+n)+1]+a , }x"" =0
n=1

% The equation
ay#0

a[2r(r-)-r+1]=0 < 2r*-3r+1=2r-1(r-1)=0

Is called the indicial equation, and was obtained earlier when
we examined the corresponding Euler Equation.

1 % Theroots r; =1, r, =%, of the indicial equation are called the
exponents of the singularity, for regular singular point x = 0.

* The exponents of the singularity determine the qualitative
behavior of solution in neighborhood of regular singular point.




Example 1: Recursmn Relatlon (6 of 13)

3 Recall that
Q[2r(r-0)—r+1x"+> {a,[2(r +n)r+n-1)—(r+n)+1]+a,, |x"" =0
n=1

= We now work with the coefficient on x™*":
a [2(r+n)r+n-1)—(r+n)+1]+a_, =0

# |t follows that
an—l
" 2r+n)r+n-1)-(r+n)+1
an—l
2(r+n)’ =3(r+n)+1

=— S| n>1

[2(r + n)=1][(r +n)-1]’




Example 1: First Root (7 of 13)
Ay

b [2(r + n)-1][(r + n)-1]

% Starting with r, = 1, this recursion becomes

a

, forn>1, r,=1andr,=1/2

an—1 an—1

= — =\ y 21
T T R@en)-1la~n)-1]" (n+Dn’
* Thus
:__a.O_ :_3‘2_:_ A t
R T (3:5-7)1-2-3)° S
a, =— i = % a = (_1)na0 n>1

5.2 (3:5)1-2) " (3-5.7--(2n+1)n!




Examplel Flrst Solutlon (8 of13)

* Thus we have an expressmn for the n- th term
LN D,

" (3:5-7---(2n+1))n!’

* Hence for x > 0, one solution to our differential equation Is

n>1

yl(X) A Z aan+r

00 ( 1) a Xn+1
~(3-5-7-- (2n +1))n!

a"x{Hi(s = 1)(nZ)r('n“))”J

I
QJ
><
+




Example 1: Radius of Convergence for
Flrst Solutlon (9 of 13)

* Thus if we omit ao, one solutlon of our dlfferentlal equatlon is

(=1)"x
WS ){“Z e (2n+1))n!}’ S

* To determine the radius of convergence, use the ratio test:
5 (3-5-7---(2n+1))n! (=) x"

n+1

li =1

woal A X' | no%(3-5-7--(2n +1\2n+3))(n + DH(=1)"x"
L
= (2n+3)(n+1)

* Thus the radius of convergence is infinite, and hence the series
converges for all x.




Example 1: Second Root (10 of 13)

Y Recall that

an—l

S f >1 r=1landr,=1/2
% [2(r +n)=1][(r +n)-1] T R L

% When r; = 1/2, this recursion becomes

a = — an_l an—l . an_]_

2/ 2+n)-1[@/2+n)=1] "~ 2n(n-1/2) " n(2n-1)' >1

A=~ =2 = = etc
11 ' 35 (1-2:3)1-3-5)’
a, =— ! = a (—1)”8.0

2.3 (1-2)1-3) % = @35 D)t n>1




Example 1: Second Solutlon (11 of 13)

* Thus we have an expressmn for the n- th term:
(-1)"a,

& , n>1
E (1.3.5---(2n—1))n! d

* Hence for x > 0, a second solution to our equation Is

y2 (X) : Z aanH

> 5 +nz_;‘(1-3-5---(2n—1))n!
(_1)nxn :I




Example 1: Radius of Convergence for
Second Solution (12 of 13)

# Thus if we omit ao, the second solution is

112 (-1
V() =X {HZ 1.3.5-. (2n—1))n!}

* To determine the radius of convergence for this series, we can
use the ratio test:

n+1

(1-3-5---(2n=1))n!(-™** x"*

i = i

o ax" nm(l-S-S---(Zn 1)2n+1))(n+1)1(=1)" X"
S BNy
n—= (2n+1)n

* Thus the radius of convergence is infinite, and hence the series
converges for all x.




Example 1: General Solutlon (13 of 13)

3 The two solutlons to our dlfferentlal equatlon are

3 : (=D
yl(x)_){“ #(3-5-7-- (2n+1))n!}

T, S (D" x"
V() =X {“2(13 5.. (2n—1))n!}

# Since the leading terms of y, and y, are x and x''2, respectively,
It follows that y, and y, are linearly independent, and hence
form a fundamental set of solutions for differential equation.

» Therefore the general solution of the differential equation is
Y(X) Ty Clyl(x) +C Y, (X)1 x>0,
where y, and y, are as given above.




Shlfted Expansmns & Dlscussmn

* For the analy3|s glven in this sectlon, we focused onx = O as
the regular singular point. In the more general case of a
singular point at x = X,, our series solution will have the form

Y00 = (x= %) Yo (x= %, )

W
AK

If the roots ry, r, of the indicial equation are equal or differ by
an integer, then the second solution y, normally has a more
complicated structure. These cases are discussed in Section 5.7.

If the roots of the indicial equation are complex, then there are
always two solutions with the above form. These solutions are
complex valued, but we can obtain real-valued solutions from
the real and imaginary parts of the complex solutions.

W
AK




Complex variables

f(z)=u(x,y)+iv(x,y) forz=x+1iy

PO L AR e
Az—0 Az

Its value does not depend on the direction.

Ex : Showthat the function f(z) = X% — y* +i2xy is
differentiable for all valuesof z.

for Az = AX + i1Ay
f'(z)= lim f(z+Az)- f(2)
Az—0 Az
_(X+AX)% = (y + Ay) + 2i (X + AX)(Y + Ay) — X + y© = 2ixy
AX + 1Ay

(AX)? = (Ay)? + 2iAXAy
AX + 1Ay

=2X+12y+

(1)choose Ay =0,Ax - 0=> f (z)=2x+i2y
(2)choose Ax =0,Ay —» 0= f (z)=2x+i2y



Complex variables

f(z)=u(x,y)+iv(x,y) forz=x+1iy

PO L AR e
Az—0 Az
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(1)choose Ay =0,Ax - 0=> f (z)=2x+i2y
(2)choose Ax =0,Ay —» 0= f (z)=2x+i2y



Complex variables

f(z2)=u(x,y)+iv(x,y) forz=x+1y

f'(z)= lim[ f(z+Az)- T(2)
Az—0 Az
Its value does not depend on thedirection.

] exists

Ex : Showthat the function f(z) = X% — y® +i2xy is
differentiable for all valuesof z.

for Az = AX + 1Ay
f'(z)= lim f(z+Az)- f(2)

Az—0 Az

_(X+AX)® = (y + Ay)? + 2 (X+ AX)(Y + Ay) — X + y© = 2ixy
AX+ 1Ay

(AX)? = (Ay)® + 2iAxAY

AX + 1Ay

=2X+12y+

(1)choose Ay =0,Ax - 0=> f (2)=2x+i2y
(2) choose Ax =0,Ay —» 0= f (z)=2x+i2y



Complex variables

** Another method:
f(z) = (x+iy)* = z°
2 2 2
f'(z)= Iim[(z+Az) Z 1= Iim[(Az) +22Az]
Az—0 Az Az—0 Az
= limAz+22=2z
Az—0

Ex : Showthat the function f(z) =2y +ixisnot
differentiable anywhere inthe complex plane.

f(z+Az)— 1(z2) 2y+2Ay+ixX+IAX—-2y—ix 2Ay+iAX

Az AX + 1Ay © AX+IiAY
iIf Az—> Oalongalinethriughz of slope m = Ay = mAXx
£(2)= lim f(z+Az)—f(z)= lim [2Ay+|Ax _2m+i

Az—0 Az Ax,Ay—>0" AX+ 1Ay C1+4im
The limitdepends on m (thedirection),so f(2)
iIsnowhere differentiable.



Complex variables

Ex :Showthat the function f (z) =1/(1-z) isanalyticeverywhere
exceptat z=1.

f'(z)= Iim[f(z+Az)—f(z)]= lim[ 1 1 B 1 N
Az—0 Az Az—»0 Az 1—-7—-Az 1-z2
1 1

= lim] 1=
Az—>0 (1-z2-Az)(1-2)" (1- z)2
Provided z #1, f(z)isanalyticeverywhere such that

f '(z) iIsindependent of thedirection.




Cauchy-Riemann relation

A function f(z)=u(x,y)+iv(x,y) is differentiable and analytic,
there must be particular connection between u(x,y) and v(x,y)
L= Iim[f(z+Az)— f(z)]
Az—0 Az
f(z)=u(x,y)+iv(X,y) Az=AX+IiAy
f(z+Az)=u(X+AX, y+Ay)+iv(X+ AX, y+ Ay)
L= lim [u(x+Ax, y+Ay)+iv(x+Ax,_y+Ay)—u(x, y)—iv(X,Yy)
AX,Ay—0 AX + 1Ay
(1) if suppose Azisreal= Ay =0
u(x+ Ax, y)—u(x,y) i V(X+AX,y)—-Vv(X,y), ou .ov

=>L=Ilim][ ]=—+i
AX—0 AX AX OX  OX

(2) if suppose Az isimaginary= Ax =0
u(x, y+Ay)—u(x,y) i V(X, y+Ay)—Vv(X, y)] .0u oV

]

=L=Ilim[ : : = A, T A,
Ay—0 iAy 1Ay oy 0oy
ou_ov and o _ o Cauchy-Riemannrelations

a_x_ay OX




Ex : In which domain of thecomplex planeis

f(z)=| x|-1|y|ananalyticfunction?
u(x,y) = x|, v(x,y)=—1y]|
ou ov 0

0
1 =—= X|=—[- = (a) x>0, y <0 thefouth quatrant
()ax oy axl | ay[ |y 1= (@) y q

(b) x <0,y >0 thesecondquatrant

ov_ ou__0 0
2—=—— —_ - = —_
@) 5= = 51 YlI==5 Ix]

z = X +1iy and complex conjugateof zisz = x—iy

= x=(z+2)/2 and y=(z—-2")/2i
L
0z OX@z OYoz 2 0x oy 2 0x oy

If f(z)isanalytic,thenthe Cauchy-Riemannrelations

are satisfied.= of /6z° = 0impliesan analyticfonction of z contains
the combination of x+1iy,not x—iy



If Cauchy- Riemannrelationsare satisfied

o 6u, 0 & v & du,  d°u @
1 = = =— = + =0
()ax(ax) ax(ay) ay(ax) ay(ay) ox%  9°y?

. o>v 8%
(2) thesame resultfor functionv(x, y) = + =0

ox2  92y?

= u(X, y)andv(x, y)aresolutionsof Laplace’'s
eguationintwo dimension.

For two familiesof curves u(Xx, y) = conctant and v(X, y) = constant,
the normal vectors correspondingthe two curves, respectively, are

_ Oou- OU _ oV » 2
y —_— —_— d , | j— —_
Vu(x,y) ™ I +—j and Vv(Xx,Y) 6x|+ J

oy

- & _Ouodv ouov  ouodu 6u6u=0 orthogonal

Vu-Vv = + =— +
OX OX oy oy OX 0y 0oy ox




Power series in a complex variable

f(z)=) a,z" =D a,r"exp(ind)
n=0 n=0

(e 0]
if Z| a, | r" isconvergent=> f(z)isabsolutelyconvergent
n=0
o0
Is 2| a, | r" convergentor not, can be justisfiedby' Cauchy root test".
n=0

1/n

: 1 .
The radius of convergence R= R lim|a, | = (1)|z|< Rabsolutelyconvergent
N—»o0

(2)| z|> Rdivergent
(3)| z|= Rundetermired
o0 n
(1) ZZ—: Iim(i)”” = 0= R = oo convergesfor all z
n=0 n! n—o NI

(2) Zn!z” = Iim(n!)“n =0 => R=0conwvergesonlyatz=0
n=0 N—o



Some elementary functions

00 Zn
Define expz = —
n=0 n-

Ex :Showthatexpz; expz, =exp(z; + z,)

exp(zy +2,) =

X (21 +2,)"
z_: 1n!2

o0
1 n_n n_n-1 n_,n-2_2 n_n—r_r n_n
= ZE(CO Zl +C1 Zl 22+C2 Zl 22 +CI’ Zl 22 +...+Cn22)

C/ 1 n 1
setn=r +s=> thecoeff.of z;z} is—=—
n! n'(n—r)lr| sir!
(0. 0) o0 o0 1
expzlexpzz_z Z ZZﬁzlzz
s=0r=0

Thereare the same coeff. of z;z5 for the above two terms.



Definethe complex comonentof arealnumbera >0

00 n n
az=exp(zlna)=zw
= n
(ifa=e=>e’ =exp(zlne)=expz thesameasreal number
_ y2 iy®
(2)ifa=e,z=iy:e'y=exp(iy)=1—?—?+
2 4 3
1y .y i(v—Y 4 Y= i 5i
=1 2!+4!+ ..... +i(y 3!+...)_cosy+|smy

(ifa=e,z=x+iy= e =eXe =exp(x)(cos y+isiny)



Setexpw=1z

Write z=rexpi@ forrisrealand—-z<0<nr
=>z=rexpli(@+2nz)]=>w=Lnz=Inr+i(6+2nx)
Lnz isamultivalued functionof z.

Takeitsprincipal value by choosingn=0
=>Inz=Inr+i@ -#<0<nx

If t #0and zare both complex numbers, we define

t* =exp(zLnt)

Ex : Showthat thereare exactlyn distinct nth roots of t.
1

tn = exp(% Lnt) and t=rexp[i(@+2kx)]

1 1
= t”=exp[%lnr+i(9+2k”) i(0+2k”)

]=r"exp| ]




Multivalued functions and branch cuts

A logarithmic function, a complex power and a complex root are all
multivalued. Is the properties of analytic function still applied?

Ex: f(z)=22 and z=rexp(i6) (A)y

>

C

(A) z traverse any closedcontour C that
dose notenclosetheorigin,@ return

to itsoriginal value after one complete
circuit.

(B) @ > 8+ 2z enclosetheorigin B)

;
6
v 1
C r
r'2exp(i@/2) — r*' 2 expl[i(8 + 27) /1 2] 9
_ L2 exp(i@/2) \\/ x>

= f(2) > - (2)

z =0isabranch point of the function f (z) = z*/2




Branch point: z remains unchanged while z traverse a closed contour C
about some point. But a function f(z) changes after one complete circuit.

Branch cut: It is a line (or curve) in the complex plane that we must
cross, so the function remains single-valued.

A
y
Ex: f(z)=21/2
restrictd = 0<60<2x
= f(z)issingle-valued O. — >
X




Ex : Find the branch pointsof f(z)= Vz? +1,and hencesketch
suitablearrangements of branch cuts.

f(z)=vz°+1=./(z+i)(z—i) expectedbranch points:z = i

setz—i=rexp(i@;) and z+i=r,exp(id,)
= f(z) =/, exp(if;/2)exp(ib, /2)
= /Il expli(6; +6,)]

If contour Cencloses

(1) neitherbranch point, then8, »> 6,,0, —» 6, = f(z) > f(z)
(2)z=ibutnotz=-i,then@; > 0, +2x,0, > 0, = f(z) > —-1f(z)
(3)z=-ibutnotz=i,then@, > 0,,6, > 6, +2x = f(z) > —f(2)

(4) both branch points,then8, —» 6, +27z,60, > 6, + 27 = f(z) > f(2)



f (z) changesvalue around loops containing

eitherz =1o0r z=-1. We choose branch cut as follows :
@ v] ®) y1
Ti
¢
>
X
$—i
¢— 1
|f




Singularities and zeros of complex function
Isolatedsingularity (pole): f(z) = ————

(z—2p)"
nisapositive integer,g(z) isanalyticat all pointsin
some neighborhood containingz =z, and g(zy) =0,
the f(z) hasapoleof order nat z = z;.

** An alternatedefinitionfor that f (z) hasapole of
order nat z=1z;is

lim[(z—z,)" f (2)]=a

f (z) isanalyticand a isafinite,non-zerocomplex number
(1)ifa=0,thenz =z, isapole of order lessthann.
(2)if aisinfinitethenz =z, isapole of order greaterthann.
(3)ifz=1zyisapoleof f(z)=| f(z)|>wasz— z,
(4) from any direction,if nofiniten satisfiesthe limit= essentialsingularity



Ex : Find thesingularitesof the function

1 1
1) f(z)= -
(1) T@) 1-z 1+z
27
= f(2)= olesof orderlatz=1landz=-1
D= 1"ya+n P

(2) f(z)=tanhz
_sinhz _ expz—exp(-2)
"~ coshz  expz+exp(-z)
f (z) hasasingularity when expz = —exp(-z)
= expz=exp[i(2n+1)z]=exp(-z) nisany integer

=2z= i(2n+1)7r:>z=(n+%)ni

Using I"Hospital's rule
lim {[z—(n+1/2)m]3|nhz}= lim [z—(n+1/2)¢]coshz+smhz
z—>(n+1/2) 7 cosh z z—>(n+1/2) 7 sinhz

eachsingularity isasimplepole (n=1)

}=1



Remowe singulartes:

Singulariy makesthe value of f(z)undetermined, but lim f(z)
7,

existsand independent of the directionfrom which z, isapproached.

Ex :Showthat f(z)=sinz/zisaremovable singularityatz=0

Sol:lim f(z)=0/0 undetermired

z—0

1 23 7° 23 7°
f(2)=—(2——+——....... =l-—4+—...
(2) z( 31 5 ) 31 5
Iirg f(z)=1 isindependent of theway z —» 0, so
Z—>

f (z) hasaremovable singularity at z = 0.



Thebehawvior of f(z)atinfinityisgivenby that of
f(l/&)at&E=0,whereé=1/z

Ex : Find the behavior at infinityof (i) f (z) = a+bz ™2
(ii) f(2) = z(1+ z%) and (iii) f (z) = expz

(i) f(z)=a+bz?=setz=1/E= f(1/E)=a+bé&?
isanalyticat £ =0= f(z)isanalyticatz=o0

(i) f(z2) = z2(1-2%) = f(1/§)=1/§+1/g=3 has a pole of
order 3atz=wo

(iii) f(2)=expz= f(1/&) = i(n!)‘lﬁ‘”
n=0

f (z) hasanessentialsingularity at z = oo



If f(zg)=0and f(z2)=(z-2y)"g(z),ifnis
a positive integer,and g(zy) =0

(i) z=1zpiscalledazeroof order n.

(i) ifn=1,z=zyiscalledasimplezero.
(il1)z =z, 1salsoapole of order nof 1/ f(z)



Complex integral
A real continuousparametert,fora<t< g
X =X(t), y=y(t)andpoint Aist=«
pointBist= 4
= jc f(z2)dz = jC (U+ iv)(dx + idy)

=I udx—_[ vdy+ij udy+i_[ vdx

_fﬂ dxt Iﬂv%tﬂj u—dt+|_f —dt

y B
C2 e ’///\‘
s Col 7
’ ;
L '
A.'_/ _|..# Cs




Ex : Evaluate the complexintegralof f(z)=1/z,along
thecircle |z|= R, startingand finishingat z=R.

Z(t)=Rcost+iRsint,0<t<2x

d_X=_Rsint,d—y=Rcost,f(z)= 1_ . =U+iv,
dt dt X+iy  x%+y?
X cost -y —sint
u= > 2= ,V= > 2=
X“+y R X“+y R
1 02
[ Zdz= ”COSt( Rsint)dt— [ ( Smt)Rcostdt
Clz J0
_p27 COSt —sint
i Rcostdt+|j ( )(=Rsint)dt

=0+0+iz+iz =2
**The integral iIsalsocalculatedby

dz Izn— Rsint+iRcost
Rcost+iRsint
The calculatedresultisindependent of R.

dt=j02”idt=2m'

dh




Ex : Evaluate thecomplexintegralof f(z)=1/zalong
(i) the contour C, consistingof thesemicircle| z|= R in
thehalf-planey>0
(it)the contour C, made up of two straightlinesC,, and C,,
(i) Thisis justas inthe previous example,but for

Ay
OStSﬂ:jCZdZ/Z=m . .
(i)Cay i 2= (1—t)R+itR for0<t<1 3BT~ Caa
Cy, :—SR+i(1-s)R for0<s<1 s=1.- L 1=0
. —
dz 1 —-R+iR 1 —-R-iIR - R R X
—= _ dt+_[_ —(t
C,z JOR+t(-R+IR) 0iR+s(—R—-1IR)
- — 1
lstterm:_[ iy j 2t 12dt+i L dt
1-t+it 01—2t+2t 01-2t+2t

t— 1/2

= 2 lin@—2t+22)] s + - [2tan (o)1

4 T, 7
=O+§[E—(—E)]=? J.aTdX tan™ ( )+C



2ndterm:>J'1 1_+i ds—‘fl(l-l_l)[s_l(S 1)]
Os+i(s—1) 0 24 (s—1)°

1 - el 1
= 2s—1 ds+i ds

0232 2s+1 0252 _2s+1
S— 1/2

—[In(23 —2s+1)][3 +i tan‘l(

)Io

=0+ i[z—(—z)]=5

dz .
— =7
C, 7

Theintegralisindependent of the differentpath.



Ex : Evaluate the complexintegralof f(z)=Re(z)along
thepath C;, C, and C5 as shown inthe previous examples.

(i) C, :joz” Rcost(—Rsint +iRcost)dt = izR2
(i) C, J.g[ Rcost(—Rsint +iRcost)dt =i7”R2
(iii)Cq = Cqy + Cap -
[[a-ORER+iR)dt+ [ (-sR)(-R-iR)ds
= R? jol(l-t)(-1+ i)dt + R2 _[;s(l+ i)ds
=%R2(—l+i)+%R2(1+i)=iR2

The integraldepends on the different path.




Cauchy theorem

If f(z)isananalyticfunction,and f (z)iscontinuous
at each point withinand on a closedcontour C

:§C f(z)dz=0

i PXY) o 0a(X,Y)
OX

are continuouswithinand

on aclosedcontour C, thenby two - demensiond
. op 0q _
divergence theorem= ”R (6_x+ E)dxdy = §C ( pdy —qdx)

f(z)=u+ivanddz = dx+idy
I=f f(z)dz=f (udx—vdy)+if (vdx + udy)

_”‘ 6( u) o(— V)]dXdy+ ”' [5( V) 6u]d xdy = 0

f(2) |sanalyt|cand the Cauchy - Rlemann relationsapply.




Ex : Suppose twos points A and B inthe complex plane are joined
by two differentpaths C; and C,.Showthatif f(z)isan
analyticfunctionon each path and inthe regionenclosedby the
two paths thentheintegralof f(z)isthesamealongC; andC,.

Icl f(z)dz— jC2 f(z)dz=§_

path C; —C, forms a closedcontour enclosingR R

o, f(@)dz=0 c,

1

= jcl f(z)dz = jcz f(2)dz l

A



Ex : Considertwo closedcontour C and y inthe Argand diagram, y being
sufficienty small that itliescompletelywith C.Showthat if the function

f (z) isanalyticinthe regionbetween the two contours thenfC f(z2)dz =f f(z2)dz
/4

theareaisbounded by I'", and
f(z)isanalytic C

§F f(z)dz=0

= §C f(z2)dz + fy f(z)dz+ §C1 f(z)dz + fcz f(2)dz
If take thedirectionof contour y as that of
contour C = §C f(z2)dz = §7 f(2)dz

> <

Morera's theorem:
iIf f(z)isacontinuousfunctionof zinacloseddomain R

bounded by acurve C, for fc f(z)dz=0= f(z)isanalytic.




Cauchy’s integral formula

If f(z)isanalyticwithinandonaclosedcontourC

and z, isa point within C then f (z,) = 1_§ @) 4,

2m °C -7,

= [, _f 1O,
Cz-1 Yz—1,

forz=1z5+ pexp(i@), dz=ipexp(ig)do

_ 27rf(Zo+pei6). i
I _Io ol? ipe'’dg
0

7 . p—>
=ij02 f(zo+ pe'®)d0 = 27if(z,)




The integralform of the derivative of acomplexfunction:

1 f(2)
f (Zo)— o §C (Z—ZO)ZdZ

f(zp+h)— f(zp)

f'(zy)=lim
(O) h—0 h
= lim[ l_f f(z)( 1 )dz]
h—0247C h 'z-z,-h z-1,
= lim[ 1_§ f@) dz]
h—0 2 9C (z—25—h)(z-2;)
= 1_§ f(z)zdz
2m °C (z2-1,)
|
For nth derivative f (™ (zg)=~"§ GO
2”1 C(Z_Zo)n+1




Ex : Suppose that f(z) isanalyticinsideandonacircleC of radius
R centeredon thepoint z =z,. If | f(z) |< M on thecircle,where

M issome constant,show that| f(”)(zo)|< I\;n
n! f(z)dz nl M Mn!
|f(n)(z )l |§ ()n+1< n+12ﬂR= n
C(z-2y) 27 R R

Liouville'stheorem: If f(z)isanalyticandbounded for all
z then f(z) isaconstant.

Mn!

Using Cauchy's inequality:| f (" (z,) <

setn=1andletR > =|f (z,)|=0=> f'(zo)=0
Since f (z) isanalyticfor all z, we may take z, as any

pointinthez-plane. f (z)=0forall z= f(z)=constant




Taylor and Laurent series

Taylor’s theorem:
If f(z)isanalyticinsideandonacircleCof radius R centered

on thepoint z=zy,and z isapointinsideC, then

00 o £(Nn)
F(2)= Y an(z-20)" = Y20z
n=0

|
n=0 n:

f(z)isanalyticinsideandonC,sof(z)— L fc f(§)d§ where & lieson C

5_
expandLasageometricseriesin 7% Z(
&—1 &= 1o 5 z 'f Z0 1 —Zo
1 ¢ f(E)Q, 2-1 f($)
= 0=k g 2o =3 'Z(Z 28 Ty

1 2mf<”>(zo) f(“)(zo)
—z—ﬂir]z::‘)(z—z - Z(z—zo)



If f(z)hasapoleof order patz=z,butisanalyticateveryotherpointinside
andonC.Theng(z)=(z—-z,)" f(z)isanalyticat z = z, and expanded as a Taylor
seriesg(z)= Y b,(z—2)".

n=0
Thus, forall zinsideC f(z) can be expanded asa Laurent series

a_ a_p41 a
f(z)= P4 P+ —L tay+a(z-2g)+ay(2—20)*

(z—20)° (z-129)"" L—1g
(n)
ap = by, , and b, =320 _ 1_§ 9(2) g, +» G
n! 27 (z—zo)n+1

1 9(2) 1 f(2)
— o 2”if(z—zo)nﬂﬂo Z 2”i:f(z—zo)m Z @

f(z)= Zan(z—zo)” isanalyticinaregion R between
N=—o0

two circlesC; and C, centeredon z = z




f(2)= Yan(z-2p)"

N=—o0

(1) If f(z)isanalyticatz=z,,thenalla, =0for n<0.
It may happen a,, =0for n> 0, thefirstnon - vanishing

termisa,, (z-z)" withm> 0, f(z)issaidto have a zero
of order mat z = z;.

(2) If f(z)isnotanalyticatz =z,
(1) possibletofinda_, #0buta_,_, =0forallk >0

f (z) hasapole of order patz=zy,a_; iscalledtheresidueof f(z)

(i) impossibleto finda lowest value of — p = essentialsingularity



Ex : Find the Laurent seriesof f(z)= ﬁ about thesingularites
Z(z—

z=0andz=2.Henceverifythatz=0isapoleof order landz=2isa
pole of order 3,and findtheresidueof f(z)ateachpole.

(1) pointz=0
-1 -1 —z,, (3)(4) —z2  (B)(HA)(D) —7

_ _ _ 2 3
F@)= gy g L G g () e ()

2
=— 1 3.3 2—5Z —... z=0isapoleof orderl

8z 16 16 32
(2)pointz=2=>setz—2—§:>z(z—2)3=(2+§)§3=2§3(1+§/2)
1 S\ (62 _ (513, (644
f(z)= - — 2) -
(2)= 23 (1+§/2) 23 [ Gy ) Gy ) Gy ) (2) |
1 1 1 1 €& 1 1 1 1 z-2
= - +———+"—..= — + ——+
283 4£% B8E 16 32 2(2-2)% 4z-2)* 8(z-2) 16 32
z=2isapoleof order 3,theresidueof f(z)atz=2is1/8.




a_,

f(z ——+ ...... + +apg+a,(z—25)+a,(z—125) +..
(2) (2—20)" (z—zo) o+ (2—20)+ay(z—20)°

=(z2-20)" f(2)=a_ +8_u1(Z—2p) + ot (2—29)" 7 + ...
dml

=>—l@-20)" (D)= (m~ 1)'a1+2b (2-12p)"

Takethelimitz — z;

m—1
R(zp) = al_llm{ 1 d

A m—1)! g1 [(z—20)™ f(2)]} residueat z =z,

(1) For asimplepole m =1= R(zy) = lim[(z-z,) f (2)]

L—>Z,
(2)If f(z)hasasimpleatz=zyand f(z)= rgéz; g(z) isanalyticand
non-zeroat zyand h(zy)=0
(2—24)9(2) (2—120) 9(2o)

=RE=IN "G 9w T D T



Ex : Suppose that f (z) hasa pole of order m at thepoint z = z,. By
considering the Laurent seriesof f(z)about z,,derivingageneral

expressionfor the residue R(zy) of f(z)atz=z,. Henceevaluate
expiz
(22 +1)*

the residueof the function f (z) = atthepointz=i1.

expiz expiz : :
f(z)= (22+1)2 = (z+i)2(z—i)2 polesof order 2atz=iandz=—i
forpoleatz—i'
expiz i .
—[(z=i)f = —
[(z |) (2)]= & [(z+|)] (Z+i)2exp|z (Z+i)3exp|z
R()=71 ==

1 (2u) et T



20.14 Residue theorem

f(z) hasapoleof order matz =z,
f(2)= Y a,(z—12)"
Nn=—m
| = §C f(2)dz =§7 f(z2)dz
setz=z5+pe'? = dz=ipe'de

0 00 o )
| = Zan§c (Z—Zo)ndz= Zanj‘o Ipn+1e|(n+1)9d0
Nn=—m Nn=—m

n+1e i(n+1)8

27 . : Ip 2
fornz—1= | ip"tle!(fyg = T—0
J e (e D

for n =1:_[02”id0= 27

| = ffc f(z)dz =2na_,




Residue theorem:

f (z) iscontinuouswithinand on a closedcontour C
and analytic,exceptfor afinitenumber of poleswithinC

§C f(2)dz = 27 3, R
J

Z R; isthesumof theresiduesof f(z)atitspoleswithinG
j




Theintegral I of f(z)alongan opencontour C

if f(z)hasasimplepoleatz=z,

= f(2)=g(2)+a_(z-20)"
#¢(z) isanalyticwithinsome neighboursurrounding z,

ol

|z—25]=p and @, <arg(z—-12z5)<6,
p ischosensmallenoughthat nosingularity of f(z)exceptz =z,

| = jc f(2)dz = jc #(2)dz+a_, jc (z—12) " dz

/I) im jC #(2)dz =0

T T 6, 1 . ip .
| _/I)'L% . f(z)dz-/l)l_r)r(l)(a_l'[alﬁlpe d@)=ia_,(6,-6,)

for aclosedcontour 8, =6, + 2z = | =2na_;



20.16 Integrals of sinusoidal functions
IjﬂF(Cosg’Sing)dH setz =expi@inunitcircle

=>cose=1(z+1), sin@ = i_(z-l), do =—iztdz
2 Z 21 Z

2
Ex : Evaluate I=IO” Cos 26 d@ forb>a>0

a’ +b? —2abcosé

cos n6’=%(zn + z‘”):>005249=%(z2 +272)

P 1 .
c0s 20 2(22+z 2\(=izH)dz —2(z4+1)|dz
2 | 12 46 = = 2,2 2 2
a‘+b*—2abcosé a2+b2—2ab-l(z+z‘1) z%(za’ + zb* —abz? — ab)
i (z4+1)dz _ (z* +1) i
a2 2@ -a D)4 20202



| = j; z +1 dz double polesat z=0and z=a/bwithintheunitcircle
2abC o, @ b
Z(Z—be—a)

_ _ dm—l "
Residue: R(zy)= le)r?o{(m il)! S [(z—12p)" f(2)]

()poleatz=0,m=2
4
R(0) = lim{= L2 2 *1
z-»0 11dz"  z°(z-a/b)(z-b/a)

1}

3 4 _ —
_ limg 47 +(z +1)( 1)[2; (a/b+§/a)]}=a/b+b/a
z—0 (z—al/b)(z—b/a) (z—a/b)*(z-b/a)
(2)poleatz=a/b,m=1
. 2% +1 (a/b)*+1 —(@*+b%)
R(a/b)= lim [(z—a/b) 5 = > = > o
z—alb z“(z—alb)(z—b/a) (a/b)*(a/b-b/a) ab(b—a“)
i a’+b* a*+b? 2ma’

| =27 x — =
2ab' ab ab(bz—az)] b%(b* —a?)




Some infinite integrals

[ f(x)dx
f(z) has the following properties :
(1) f(z) is analytic in the upper half - plane,Im z > 0, except for
a finite number of poles, none of which is on the real axis.

(2)on a semicircle I' of radius R, R times the maximum of y4
| f|on I' tends to zero as R — o (a sufficient condition
is that zf(z) > 0 as | z |> ). I
@[ f(xdx and [ f(x)dx both exist ) .
X
:j X)dx = ZMZ R -R ol R

for | Ir f(z)dz |< 2R x (maX|mum of | f|onr), the integral along "

tends to zero as R —» .



Ex : Evaluate | =_[°° 5 dx 52 aisreal
0 (x* +a%)
dz R dx dz A
= + asR > o
fC (22 + a2)4 .[_R (X2 + a2)4 ,"F (22 + a2)4 F
dz dz 0 dx al
= > 0= =
.[]" (22 + a2)4 §C (22 + a2)4 —o0 (X2 + a2)4
(z% + a%)* = 0= polesof order 4at z = +ai, -R o = R
only z = ai at theupper half - plane
1 1 1 [
setz=ai+ &, > 0> = = 71— =)
s (2 +a%)*  (2aie + &£2)* (Raig)? 2a

1 (-4)(-5)(-6) —i\3 _ —bi

the coefficiert of £71is (—)
2 (2a)4 3! 2a 32a’
%0 dx — 5i 1 10z <Y1
I 7, o =2 7) = =l =ox =7
0 (x* +a%) 32a 32a’ 2 32a' 32a



For poles on the real axis: y r
Principal value of theintegral,definedas p — 0 I
R Z,—p R
P j_R f(x)dx = j_R f (x)dx + LN f (x)dx Y P
for aclosedcontour C -R 0 20 R x

Zy

f(z)dz = -’ f(x)dx + | f(z)dz + i f(x)dx + |_ f(z)dz
C -R 14 Z,+p r

= P[ F(x)dx + J, @0z + [ f(2)d

(W) for [ f(z)dz hasapoleatz = z, = L f(2)dz = —nia,

/4

(for [ f(2)dz setz=Re" dz =iRe dg
= jr f(2)dz = jr f(Re'?)i Re'? d6

If f(z)vanishesfasterthanl/R?asR — oo, theintegraliszero



Jordan’s lemma
(1) f(z)isanalyticinthe upper half - plane exceptfor afinite

number of polesinlmz > 0
(2) themaximumof | f(z) |» O0as| z |» wintheupper half - plane
(3)m > 0, then

Ir = Ireim f(z)dz > 0as R — oo, I" isthesemicircular contour

for0<@<xl2 12sin@/0=2nrn/2 TON f=20/rn
|exp(imz)| = |exp(—mR sin @)|

Io < jr|eimZ f(2)||dz| < MRj;’e—mRS‘Wde

f =\sin@
— 2?MR ”/ze—mR sinf4g
0 >
M isthe maximumof [f(z)lon |zl= R, R > oM — 0 7wl ?2 0
/2
Ir < ZMRJ'” e"MR(20/7)qg = ﬂ(l— e™™) < ™
0 m m

aSR>o0=>M->0=Ir >0



Ex :Findtheprincipal value of ” de arealbm>0

—© X—a
imz
Considertheintegral | = f dz = Onopoleinthe
Cz-a
upper half - plane,and|(z — a)}| = 0as|z| & = R
eirnz
| =¢ —az
Cz-a
imx imz i mx imz
a-p € e R e e
=[P = dx + —dz+_[ —dx+_f dz=0
-R Xx-a yz-—a atp X —a 'z—a

imz
AsR—>ooandp—>O:_[ e—dz—>0

I'z—-a
imx
© € - ima
= P| —dx—-iza_; =0anda_; =¢
—®© X —a

© COS MX . © SIiNnMx
= P_[ ——dx = -zsinma and Pj ———dX = 7/ cos ma
-0 X — @ -0 X —-—a




Integral of multivalued functions

Multivalued functionssuch as z1/?, Lnz
Singlebranch pointisat theotigin.We letR —» «©
and p — 0. Theintegrandismultivalued, its values
alongtwo linesAB and CD joiningz = ptoz = R
are not equal and opposite.

Ex:I=J';o dx fora> 0

(x +a)3xt/?

(1) theintegrand f(z) = (z + a) >z %2, |zf(z)] > Oas p = 0and R — o

the two circlesmake no contribution to the contour integral

(2)poleat z = —a,and (— a)1/2 qll2giml2 _ 112
] 1 d3—l 2 1
R(-a) = lim 7+a
-8) z—>-a (3 =1)! gz3-1 1 ) (Z+a)3z“2




jAde+dez+jDCdz+jyd =

and_[rdz =0 and Iydz =0

alonglineAB= z = xe'?, alonglineCD= z = xe'?%

j-oo dx +J-o dx _ 37
0.A—B (x 4 a)3x1/2  Jo.CoD (xei27 4 g)3x1/2g(l/2x27) = ya512
1 o dx 37
=(1- o )Io (x +a)°x/2 = R
.‘-00 dx _ 3z
0 (X+a)3 1/2 8a5/2



Ex : Bvaluate I (o) = [ L”Xd

zsmz 1 ze'Z 1 ze~ 12
C 2 C, -0 21 9C, 7 -0

(1) for 1, thecontour ischoosedon the upper half - plane

due to theterm eiZ andonlyone pole atz =
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As p — 0 and R—)oo:>_[rdz—>0
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(2) for 1,, we choose the lower half - plane by the
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